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SOLUTIONS



1.

SNUG CIRCLES

a) Suppose that three circles of the same sizmateally tangent and snugly fit

into an equilateral triangle of sida,2as shown. What is the area covered by the

three circles? Show the work that produced yoswan. (7 points)

< 2a >

b) Now find three noncongruent, nonoverlappinglesdhat cover more of the area

inside the same triangle. Verify that the coveassh is indeed greater than the
covered area in part (a). (7 points)

Solution

a) First, we note that the area of an equilatei@hgle of side lengtkis . Fora

243
4

triangle of side length& the area i3

Next, we take note of the dashes in the figure
below. If the radius of the circle isthen the
length of each side of the dashed square isralso
and the base of the 30-60-90 triangle next to it is

a—r. Becausea—-r = r\/§, we see that

r =L, and the area of each circle is therefore
J3+1

a’ na’

(B 4+2f3

A=nri=n




b)

The ratio of the areas of the three circles taaitea of the triangle is therefore given by
3na’
4+2J3_ S o720

a3 (a+ 2@)[3: 43 6

For three circles to cover more of the triangjle’
area, it stands to reason that one of them must be
the largest circle we can inscribe within the
triangle, namely, the incircle. This is shown,rejo
with two other, smaller circles, in the figure.

The radiusr, of the incircle is one-third the height

a3

of the large equilateral triangle; =——. The
3

radiusr, of one of the smaller circles is
determined by similar triangles.

Because these are 30-60-90 triangles, the hypseenfueach triangle is twice the short
leg of the triangle, and therefore twice the raditithe related circle. The hypotenuse

of the smalller triangle is therefore given By —(r, +r,) =r,- r2=a—\/§— r,. Since this
3
is twice the smaller radius, we ha&e@ -,=2r,= a—\/é =3,=>r,= a_\/f%.
3 3 9

The three circles thus have a combined area diyen

3)  (aV3) |_ 1ma?
ar? +2nar,? = n[{a—J +2£a J ] ==T2  The ratio of these combined areas to
3

9 27

the area of the equilateral triangle is about 0, ¥8%8ch satisfies the requirement of the
problem.



2.

LOGS? ABSOLUTELY!

Show that for everg > 0 andb > 0 (with the further proviso that neitheenorb can

equal 1),‘ log, (b) + Iogb(a)‘ > 2. (11 points)

Solution

Let x= Ioga(b) . Then,a*=b= byX —a=> 1 log, (a). Thus, the problem requires that
X

. 1 .
—22=0 for all nonzerox. Sincex and—= have the same sign, we have
X

2
i‘ :(M—\EJ > 0, which completes the proof.

we show tha{x+l
X

x+1 -2=|x-2+




| KNOW THE ANSWER, WHAT WAS THE QUESTION?

On a multiple-choice test one of the questions Megible. The choice of answers

was:

a) All of the below

b) None of the below

c) All of the above

d) Exactly one of the above
e) None of the above

f) None of the above

What was the correct answer? Justify your respo(is2 points)

Solution

1. If choice (a) is correct, then choice (e) isreot. But choice (e) requires that choice (a)
isincorrect. The contradiction renders choice (a) incorrect.

2. If choice (b) is correct, then choices (c) ammdnfust be incorrect. But if choice (c) is
incorrect, then choice (a) is incorrect (since supposition here is that choice (b) is
correct). If choice (a) is incorrect while (b)asrrect and (c) is incorrect, then choice
(d), which requires one correct answer among tisetfiree, is correct. The
contradiction renders choice (b) incorrect.

3. If choice (c) is correct, then choice (a) isreot. But according to scenario 1, this is
impossible, which renders choice (c) incorrect.

4. If choice (d) is correct, then one of (a), @)d (c) is correct. But scenarios 1, 2, and 3
have rendered all of them incorrect. This in emders choice (d) incorrect.

5. If choice (f) is correct, then choice (e) isonect. But an incorrect (e) requires that
one of (a), (b), (c), and (d) must be correct.c8iscenarios 1 — 4 have made that
impossible, then choice (f) must be incorrect. Tbetradiction renders choice (f)
incorrect.

6. The remaining choice is (e). Is it correct?s if (a), (b), (c), and (d) are incorrect.
Since scenarios 1 — 4 satisfy that condition, ttevice (e) is correct.

Finally, since a multiple-choice test requires ooihe answer to be correct, a correct (e)
means that (f) is incorrect, which was demonstratestenario 5.



A FUNCTIONAL INEQUALITY

Letf andg be any real-valued functions defined on [0,1]overthat there exist

aandb in [0,1] such thaﬁf (a)+g(b)—ab‘ 2%. (12 points)

Solution

Suppose that the result is false. That is, supfi@gdor everya andb in [0,1],
| (a)+g(b)-abl <:11.

Fora=0andb =1, we have-L < f (0)+g(3) <}, and fora = 1 andb = 0, we have
4 4

Loy (1)+g(0) <1 Adding these two inequalities, we have
4 4

_1e f (0)+ f (l)+g(0)+g(])<}. Call thisResult 1
2 2

Fora=0andb =0, we have-* < f (O)+g(0)<—1, and fora= 1 andb = 1, we have
4 4

3ot (D+9(1) <2 Adding these two inequalities we have

4 4

1og (0)+ f (l)+g(0)+g(])<§. Call thisResult 2
2

2

Results 1 and 2 are contradictory, meaning thasopposition (namely, that the proposed
result is false) cannot be correct. This meansynm that the proposed result is true.



A RATIO OF AREAS

Given: triangleAOB with A (1, 2),B (4, 0), andO (0, 0). Think ofA andB as
A(a,b)) and B;(c,,d,), respectively, and define the coordinatesppfand B, as

(a +b,a,—b))and(c +d,,c,~d,), respectively. Further, define the coordinates of

A., andB,, as(a,+h,,a,-b,)and(c, +d,,c,—d,), respectively.

a) Find the ratio of the area of triangdgOB, to the area of trianglé,OB,. (4 points)
b) Forn=2k+1, find a formula forA,,,. (2 points)

c) Forn=2k, find, with proof, a formula forA,, . (4 points)

d) Forn=2k+1, find a formula forB,,,,. (2 points)

e) Forn=2k, find a formula forB,,. (2 points)

f) Find, in terms oh, a formula for the area of the triangle with cdoaﬂesO(0,0) :

A,, andB,. Prove your result using the formulas from (€} (4 points)

Solution

Under the transformatiod,,, =(a, +b,,a, -b,), we haveA =(1,2), A, =(3,-1),
A=(2,4, A =(6-2), A=(4,9), ... A =(16,32. Under the transformation
B =(6,+,.6, -4, we haves =(4,0), B,=(4,4), B, =(8,0), 8, =(8.8).

B,=(16,0), ..., B,=(64,0).

a) Using the coordinates above, we find that tlenyOB, has an area of 32, while
triangle A/OB, has an area of 1024, the ratio is 32.

TransformationA, ,, includes two subsequences, relating to subquesfmrand (c),
respectively.

b) Forn=2k+1, A,,, =(2",2").
c) Forn=2k, A, = (3E2k‘1—1D2“1). We prove this by induction:

Base case:Forn =2, we havé = 1, SOA, = (3[21‘1,(—J)D2‘1) =(3-1.



Inductive step: Assume thath,, = (f«)»D’Zk‘l —1D2“1). Then,

A = (327 +(-1) 27,3027 (- Y08 = ( 2t . @'2Y)=( "2 /2. Then,
Arr =(2+290,2 - 2% =(x+ 208 .- 29 =( 8'2(~ )13, and the formula
is proved.

TransformationB,,, also includes two subsequences, relating to suigans (d) and (e),

n+l
respectively.

d) Forn=2k+1, B, =(22,0).
e) Forn=2k, B, = (2k+l 2“*1)
f) We now use all the results from (b)—(e). For 2k +1, the points ared(0,0),

Ay =(24,27), andB,,,, =(22,0). Thus, the area%;E:JZk+1 (P2 = J2int = gt

Forn = 2, the points ar€(0,0), A, = (3D’Zk‘1 (-1 27 ) andB,, = (2“l 2‘”)
Using determinants, the area is

3)2* (-1 2
1327 (-9 =2 ~(-) #]= D4|j"2k Fi= 91 Thus, the
2 2k+l 2k+l 2
sequence of areas is a geometric sequence W|th comatio 2, and in terms of the
area of thenth triangle is2™*.




BIN THERE, DONE THAT

Sam has three bins, Bin 1, Bin 2, and Bin 3, tha 6f which contains three strings
of balls, String A, String B, and String C. Heesdb a string at random by reaching
into Bin 1, grabbing a ball, and pulling out thallland the entire string connected
to it. Each ball has an equal probability of beseiected, but each string does not.
Sam then places this string of balls into Bin &.tHe same manner, he selects at
random one of the two strings remaining in Bin &l ataces that one into Bin 2 as
well. Finally, again in the same manner of setetthe selects at random one of the

two strings of balls in Bin 2 and places it intonE3.

a) Let String A consist of 3 balls, String B consis2 balls, and String C consist
of 1 ball, as depicted below. When following tle¢estion process described
above, what is the probability that String A isqad into Bin 3? (5 points)

Bin 1 Bin 2 Bin 3

b) If String A consists o4 balls, String B consists &fballs, and String C consists
of ¢ balls, what is the probability, in termsafb, andc, that String A is placed
into Bin 3? (5 points)

c) Suppose that the numbers of balls on the stfmgs an arithmetic series, such
that String A consists @& balls, String B consists af+ d balls, and String C
consists ofa + 2d balls. Find, in simplified form, the probabilitigat String B is
placed into Bin 3. (5 points)



Solution
(@) Let P(a, b) denote the probability of choosing strings of lregandb from Bin 1.

Let B,(a) denote the probability of choosing the stringesfdtha from Bin 2 when
and that

strings of lengtta andb are in Bin 2. Note thaR, (a) =
atb

P(ab)= a Db+ b na - alb [E1+ 1}_
a+b+c b+c a+b+c a+c a+b+c \b+c a+c

In general, the probability that String A is pldda Bin 3 is given by
P(a,b)R (a)+P(ac)P.(a), which, building from the above result, is equal t

alb [E 1 1) a alt [E 1 1} a
+ B! + + 4 .
a+b+c \b+c a+c/ a+b a+b+c \a+b b+c/ a+c
Whena = 3,b= 2, andc = 1, we have
3[2[E1+1JD3+ 3]1EE1+ 1lD3
3+2+1\2+1 3t 32 32132 ¢ 3

_6[E1 1} 3 11 3 3 126 72 11
==+ |+ -+ | F=—F—="=
6.3 4 5 6.5 4 360 360 20




b) The probability of choosing the string of lengtfrom Bin 2 is, as determined above,
P(a,b)® (a)+P(a,c)P.(a). Inthe general case, therefore,

P(ab)R () +P(ac) (a)

alb EE 1 1) a alt EE 1 1} a
= + A + + E
a+b+c \b+c a+c/ a+b a+b+c \a+b b+c/ a+c

_ a’bfa+b+2c) .\ a’clfa+2b+c)
(a+b+c)(a+b)(b+c)(c+a) (a+b+c)(a+b)(b+c)(c+a)

_a’[b(a+b+2c)+c(a+2b+c)|_a’[b(a+b+c)+bc+c(a+tb+c)+he]
(a+b+c)(a+b)(b+c)(c+a) (a+b+c)(a+b)(b+c)(c+a)

__a’[(a+b+c)(b+c)+2hc]
(a+b+c)(a+b)(b+c)(c+a)

We see, by substitution, thataf= 3,b = 2, andc = 1, we get from this the same result

of 1 as we got in (a).
20

c) Switchinga andb in the formula derived in (b) gives the probakibif placing String B

into Bin 3: a + C — bz[(a+b+c)(a+c)+2aC] .
to Bin 3: P(b,a)P, (b)+P(b.c)F.(b) (a+b+c)(a+b)(b+c)(c+a)

If a=a,b=a+d, andc =a+ 2d, we substitute these values into the above expression:

(a+d)’[(3a+3d)(2a+ 2)+ m(a+ 20)] _(a+d)’[6(a+d)’+2a(a+ 20)]

(3a+3d)(2a+d)( 22+ 3)( 2+ 2) ga+d)’( a+d)( a+ @)

3(a+d)’+a(a+2d) _3a’+6ad+>+a’+2ad _ 4’+&d+ 87 _ 1

3(2a+d)(2a+ 3) {4+ ad+ 8°)  fa+ ad+ @)

The probability of placing String B into Bin 3+15, regardless of the valuesafndd.
3



THE SAME SHADE

In the figure ACDE is a right triangleABCD andCEFG are squares, and is the
intersection ofAE and DF . Show that the shaded regions in the triangle liag

same area. (18 points)

A D
&
H
|
& P
B C J E
O

O¢
T



Solution

A D
e}
H
a |
(C; g D
B b C P \J E
a
G ©
G F

Let a be the side length of the smaller square, and ltet the side length of the larger

square. Lep be the length o€J, and letq be the length ofH . TrianglesDCJ and
DGF are similar, as are triangle&$lC andEAB. Therefore:

p__b =p= ab and-= = a =(0= ab , SO thap =q.
a a+b a+b b a+b a+b

Since the length ofE isa—p, the area of triangIBJE is given bylb(a— p), and the
2

area of triangl®IE is given bylb(a— p) —-M , whereM is the area of trianglJE.
2

Since the area of triangEEHC is given by1 aq, the area of quadrilater@HI1J is given by
2

1aq —M . Our task, therefore, is to show that trianddd& andEHC have the same area,

which is equivalent to showing tha(a~ p) =aq or, sincep = g, thatb(a- p) =ap.

FromE: , we have the following:

a atb
P = ab=p(a+b)=ab=pa+pb= pa=ab- pb=b(a-p)=ap, which is the
a atb

result we sought.



