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Solution:

The operatiora [0 b meansa’b-b*a. Compute(40 3)0(302). The answer is 432.

Solution: (403)=16-3-9 4= 48 36 1. (302)=9.2-4.3=18- 12= ¢

(120 6)=144 6- 36 12 864 432 4.

Tomas drives 32,000 miles a year as a sales regmfauto parts company. He wants to
buy a hybrid car to get better gas mileage (48 pnbgit the model he wants costs $4200
more than its non-hybrid counterpart (32 mpg)gds$ costs $3.00 per gallon, about how
long would it take Tomas to recoup the higher obshe hybrid? The answer is 50

months.

Solution: The hybrid car will u56666§ gallons per year, at a cost of $2000 in gas,

whereas the non-hybrid car will use 1000 gallorrsypar, at a cost of $3000. The
difference in the cost of gas ($1000 per year) bélimade up in 4.2 years, which is about
50 months.

Given: (2x+5) varies directly ay+3)° and inversely a§z-2), andx = 5 whery = 2

andz=7. Findx wheny = -1 andz = 6. The answer is —1.

2
Solution:  (2x+5)= km = 15= k(z—:j = k=3

(2-2)

(2x+5)=3@:>(2x+5): {%): X=- 2> Xx=- .,



The product of 99 and an intedeis 58x, wherex represents a digit in the five-digit
product. Find the integér The answer is 513.

Solution: If 50x8x is divisible by 99, it is divisible by 9, so itggits must sum to a

multiple of 9. This means thatmust equal 7.%7997: 513.

If 63, = 36, thenx, [{x+2) , = pq,,. Find the base 10 sum+q. The answer

is 8.

Solution: 63, =36, = &+ 3= Ix+ ¢+ 6> &+ 3 3+ 24 x=

(7.9),,=63,= 13+ 3 53 = p+q= .

The five-digit numbenBscDE has only even digits, such tiratannot be zero and the
other digits may repeat. The four-digit numberJhas only odd digits, which may also
repeat. How many ways can these numbers be coaflgo thahBCDE is twiCeFGHJ?
The answer is 0.

Solution: The largest four-digit number with odd digits i999 Since twice 9999 is

19,998, any five-digit numbeBsCDE must have: = 1.

In right AABC, AC O BC, AC=192, andBC= 5t. PD is the perpendicular bisector of

AB, where P[0 AB, and DO AC. ComputePD. The answer isZQ%.

Solution: AABCis a 7-24-25 triangle with hypotenuse 2@@RDP is a similar triangle
whose long leg has lengBA = 100 (half the hypotenuse AABC). The length of the

short leg oAADP is thereforePD = 1(100) - 100_ 591
24 24 6



10.

11.

Find the sum of all the integers in the followiigt (which omits multiples of 4):

1,2,3,5,6,7,9, ..., 75, 77, 78, 7Bhe answer is 2400.

Solution: The sum of the first 79 positive integers isgathe method of Gauss)

39(80)+ 40= 316(. The sum of the first 19 multiples of 43¢80) + 40= 76(.

Subtracting this sum from the first sum leaves 2400

If P(x+3)=x+7x+4,andP(x)=ax + bx+ ¢ find the ordered triple (a, b, cThe

answer is (1, 1, -8).

Solution: Let y=x+3. Then,x=y-3. Therefore,
P(x+3)=P(y-3+3 = (y-3f+ 7(y- 3% & y+ y & Thus,P(y)=y* + y-8, or,

equivalently,P(x)= X + x-8=(a,b,¢=(11+9

Given the following array, name the third numbettia 28" row. (Note: 11 is the

second number in the third rowThe answer is 727.

1
3 57
9 11 13 15 17
19 21 23 25 27 29 31
33 35 37 39 41 43 45 47 ¢

Solution: The number of numbers in each row follows theusege 1, 3,5, 7, .... In 19
rows, therefore, there are 1 + 3 + 5 + ... + 37 =@@hbers, of which the last is 721 (the
361" odd number). The next three odd numbers are728,and 727.



12.

13.

In the figure below,AB=12\/3, and the area AABC is 90v/3. Find cotJCBD. The

. V3
answer |s? :

Solution: If AB=12/3 and the area ahABC is 90v'3, then the height oAABC is 15.
Thus, in rightA ACE below,CE = 15 andAE = 15/3, so thatBE = 3/3. Therefore,

cotJCBD = cotl] CBE= ﬁ = —3 .
15 5
C
30 E
A B D

An octahedral die has eight faces, numbered 1 ¢ir@u Ayesha rolls a fair octahedral
die three times. What is the probability that mluenber on the third roll is the product of

the numbers from the first two rollsPhe answer is%.

Solution: Three rolls of a die produce 512 outcomes: (1)1(1, 1, 2), (1, 1, 3), etc.
Of these outcomes, how many are such that the ptadthe first two rolls equals the

third? The following table lists all the possilolelered triples that meet this criterion.

(1,1,1) 1,2, 2) (2,1, 2) (1,3,3) (3,1, 3)
(1,4, 4) (2,2,4) 4,1,4) (1,5,5) (5,5,1)
(1,6, 6) (2,3,6) (3,2, 6) (6,1, 6) a,7,7)

(7,1,1) (1, 8, 8) (2,4,8) 4, 2, 8) 8,1,8)



14.

15.

16.

Letf be a function defined for all real numbers with iroperty that

f (3-x)= f(3+x). Suppose thdt has 6 roots. Find the sum of the rocf&e answer

is 18.

Solution: If 3+ X, is a solution, ther3- X, is also a solution. Therefore, the average

value of the roots is 3. An8-6=18.

Find the positive integral valuesandy such thatx+2y =20, and13x+ 11y is a
multiple of 17. The answer is (8, 6).

Solution: The positive integral solutions to+ 2y = 20 are (2, 9), (4, 8), (6, 7), (8, 6),
(10, 5), (12, 4), (14, 3), (16, 2), and (18, 1heTirst of these ordered pairs, when
substituted intd.3x+ 11y, produces 125, which is not a multiple of 17. lEaaccessive
ordered pair increases the saBx+ 11y by 15. A multiple of 17 is achieved with the
ordered pair (8, 6).

Find the numerical value of the 2term of the geometric sequence whose first three

terms are(1+i)2°, (1—i)16, (2i)6. The answer is—%.

Solution: (1+i)2°:[(1+i)2}1°=[1+ 2+%])10=[ )" = 2i*=- 2

1

Thus, the terms are2', - 2°,- 2° ... The 2% term of this sequence 2 = =




17. Equilateral triangleABCis inscribed in a circleD is a point on minor ar®C. The

length of chordBD is 3 inches and the length of chdBC is 5 inches. How long i&D

(in inches)?The answer is 8.

Solution: In the figure, the lengths of the sides of the A

triangle are given by. According to Ptolemy’s theorém

3s+5s=( AD) & so thatAD = 8.

Alternatively, we may recognize that, as inscribedles,

mO BDA= md CDA= 60, and then use the Law of B \ / C
Cosines withABCD andA ACD. 5

In ABCD, s*=3°+5°~2-35co6 120= ® 25 ¥ ., sothas=7. Then,in
AACD, we haves? =49= 5 +( AD)’ - 2-§ AD) co 60, which, upon rearrangement,

becomes the quadrat{@D)’ —5( AD) - 24, which has roots —3 and 8. The former is, of

course, extraneous.

! ptolemy’s theorem states that in a cyclic quatikd, the sum of the products of the lengths efghirs of
opposite sides equals the product of the lengthiseofliagonals.



18. Two values ok make the following statement true. Find the altgovalue of their

difference. The answer isg
(IogJé 5)( log,,; 9+ log,¥/x + log 2= (

Solution. Using the change-of-base rules for logarithms:

B
l0g,, 5= Iog5l _ log5 _ 2Iogv

1 1 '
g3 1093 log3

_log® _ 2log3 ~
|091259_k39—53 ~3log5 So(logd§ 5)(Iog125 9=

wlpH

1

3
|ogzé/§ _10gx® _ logx , andlog, 2=|0i2. So the original equation becomes:
log2 3log2 log x

2 2
4, logx  log2_, 4log 2logx+( logx)” + J log 2 o
3 3log2 logx 3log 2logk

The numerator of this last fraction is a quadrttat factors to

(logx+3log 2)( logx+ logJ. Thus:

logx=-3log2= x=%, andlogx=-log2= x=%.

The positive difference of these two valuex of §.



19.

20.

The positive difference between the square of thleraetic mean of two numbers and
the square of their geometric mean is 36. Findothetive difference between the
arithmetic mean of their squares and the squatieeaf arithmetic meanThe answer is
36.

Solution. Letx andy be the two numbers, and ket y. Then, the first of the above
conditions produces

2
(X; yj —(JZ/)2 =L:y”;— Xy=36=> X%+ 2xy+ ¥— 4 xy 144 This simplifies

to (x-y)" =144= x- y= 12, because of the requirement thaty.

The second of the above conditions produces

(x=y)°

Xy XH2xyr Y 2X4 2= X=2XF Y i dimplifies oY)
) 4 "

2 4 4

Becausex—y =12, this last expression equals 36.

In AABC, Ais at (2, 4)Bis at (8, 12), an@€ is at (16, 6). Find the coordinatesy() of
point K on the segmenAB so that the ratio of the area ABKC to the area oAABC

is 1:5. The answer |s(%%2j

Solution. AABC is an isosceles right triangle of leg length 18 area 50. Therefore,

we wantK to be located orAB such thatkB :é AB. The coordinates d&f are given by

(zé(s_ 2).4+i51(1z 4}(154 3;)



21. The country of Halfway issues coins in denominatioh8, 9, and 10 halfmarks, the unit
of currency. What is the largest number of halkeahat cannot be expressed with these

coins? The answer is 31.

Solution. We want to find a string of eight consecutive tens of halfmarks that can be
expressed with these denominations. Once we ha¥string, we can express the next
eight by increasing by adding one halfmark coiedch of the first eight numbers. Each

new string of eight can be expressed in a similanmer.

Obviously, we can express 8, 9, and 10 halfmarkis thiese coins. We can also express
16, 18, and 20 by using two of each coin, but &lsgby using an 8 and a 9) and 19 (by
using a9 and a 10). Likewise, we can express@#afmarks—notice the pattern?—
and then 32—40. This last is actually a stringiog, so 31 is the largest unexpressable

number.

22. Let AB, andCD, be non-negative two-digit integers in bas@&@&{dC may be zero),
such tha{ AB)”(CD)-( AR’ -( CD =618, For a particular solutiofA, B, G, D)),

let k, = A+ B+ C+ D. Find the sum (in base 9) of &l. The answer is 44.

Solution: Adding 1 to both sides of the equation and factprime get
((AB)*-1)(cD-1) = 62q . In base 10, this i6(¢)+ 2(9)= 504= 213017, which has

4(3)(2) = 24 positive integer factors, or 12 fagtairs. Since one of the factors is
AB? —1, weare looking for a factor that is 1 less thameafect square. The number 504
has five such factors: 3, 8, 24, 63, and 168.

Hence, in base 10, fAB)’ -1 = 3, 8, 24, 63, or 168B=2, 3, 5, 8, or 13. Of these,
we discover that 2 is too small a value for ourdseeThe remaining numbers, in base 9,
are 03, 05, 08, and 14. Correspondinglgif— 1 = 168, 63, 21, 8, or 3, thé&D = 169,
64, 22, 9, or 4. Of these, we discover that 168adarge a value for our needs. Again,

the remaining numbers, in base 9, are 71, 24,rkD04.

Thus, A, B,C,D)=(0,3,7,1), (0,5, 2,4), (0, 8, 1, 0) and410, 4), and the respective
values ofk, in base 9, are 12, 12, 10, and 10, which addi4o 4



23. Find the polynomial of least positive degree thdten divided by

2x* +3x— 2, 2¢ - 3+ 1, or¥+ x ., leaves a remainder of 5. Write your answer as a

polynomial of least degree with integer coefficerithe answer is2x® + x*-5x + 7.

Solution. If P(x) denotes the polynomial of least degree that \e&,sge have

(2x2 +3x- 2)( x-a)+ 5
P(x = . (Any pair of divisors would have worked here.)
(2 -3x+1)(x-B)+5

Equating the coefficients of, we have-2a+3=-2b- 3= a- b= 2
Equating the coefficients of we have-3a-2= P+ 1= a+ b=-1.

Solving this system, we have, p) = (1, —2), and
P(x)=(2% +3x-2)( x-1+ 5= 2%+ %- 5x i We can verify thak’ + x-2 is a

divisor of this polynomial.



24. Let AABCandA A'B'C be equilateral triangles

with the same center such that the distance betw

corresponding sides is 1 and each side of
AAB'C'=/3. Let D,E,F,D'E" andF be
midpoints of the sides as pictured. A mosquito
flies along a straight path froditoE to F toD to
E'to F'to D'to E'. Find the length of the

V13 ]
-

mosquito’s flight. The answer iS6y/3 +

Solution. In trapezoidBB'C' C, m[ B' BC= nil C CB=60°, so the lengths of the

sides of A ABC are 3J/3. Thus, the paths represented D, EF, andFD are

9/3

midsegments whose combined Iength—rzs—. Likewise, the paths represented by

E'F', F'D',andD E are midsegments whose A (0, 31)

3V3

combined length iST' These six parts of the

. . E (354, 34
path thus have a combined Iengtkﬁa/fé. This A

leavesDE'. In the figureD' is at the origin, and

the other points are as shown. Applying the B o (0.0} O G302, 0)

distance formula, we havBE' =13/2. o, -1



25. Consider the set S of all positive fractions whadeeominator is 24 and whose numerator
is less than 26 and relatively prime with 24. Hmany nonempty subsets of this set
have the property that the sum of all its elemengsreduced fractionThe answer is
231.

Solution: Sis the 9-element s{ti i —7 il 53—17—19—23—2;

24’24’ 24 24 24 24 24 24 2/
S has 29 = 512 subsets, but those with an even euaflelements will sum tezl\—|4,

whereN will be an even number and this is a reducibletiom. Therefore, we restrict
our attention to subsets with an odd number of eftem All 1-element subsets satisfy
the requirement. We must look closely at 3, 5nd @-element subsets.

N must be a sum of an odd number of elements frod {Z, 11, 13, 17, 19, 23, 25}
which is relatively prime with 24. Five of thesembers are of the fornk3r 1, that is,
they are 1 more than a multiple of 3. Call thisse {1, 7, 13, 19, 25}.

Then, letB = {5, 11, 17, 23}, the set of numerators thataraore than a multiple of 3.
3-element subsets:Eliminate any that contain three elements fidifwhich add to a

multiple of 3) or three elements froBn(which add to a multiple of 6).

HER —

5-element subsets:Eliminate any that contain four elements frArand one element froB
(which add to a multiple of 6) and any that contame element fromA and four elements from

(which add to a multiple of 9).

o2

7-element subsets:Eliminate any that contain five elements frémnd two elements

from B (which add to a multiple of 9).

EXE -

9-element subsets:There is only one, name$jitself. This set produces a reduced
fraction.
The total is 9 + 70 + 121 + 30 + 1231



