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Category 1
Mystery
Meet #5 - March, 2016

Calculator Meet

1) Jean-Claude bought a $119.84 snow board. Idaid 25% right away
and paid the rest in seven equal monthly paymés. How much was
each monthly payment?

2) In the multiplication to the right, AB
* A, B, and C are different digits, X B
* A B s atwo-digit number,
* 1 CB isathree-digit number,
* no digit is zero, and
* A<B<C.
What is the value of B ?

3) The Goldbach Conjecture states that every evarumber greater than
two can be written as the sum of two prime mabers. For example,
the number 14 can be written as the sum ofvd prime numbers in two
differentways: 3+ 11 and 7+ 7. Nogdhat 11 + 3 was not
included, as the order is not important. Hownany different ways can
60 be written as the sum of two prime numbefs

Answers
1) $
2)

3)




Solutions to Category 1
Mystery
Meet #5 - March, 2016

1) This problem can be solved without using algelrby
working backwards or by solving an equation.Here, |
will solve an equation. Let X = the valuefeach
monthly installment.

119.84 - (0.25)(119.84) = 7X
119.84 - 29.96 = 7X

89.88 = 7X

89.88/7 = X

12.84 = X

Therefore, each monthly installment is $1248

Answers

1) 12.84
2) 5

3) 6

2) A bit of guessing and checking, along with saarcritical reasoning via
process of elimination, can be expedient. 8 the value of B occupies
every position in the units column, the onlpossible values of B are 5
and 6. If B =6, then for the product todll between 100 and 200,

A mustbe 2. Then 26 x 6 = 156. But th@nwould not be true that
A <B < C. However, if B =5, then for th@roduct to fall between 100
and 200, A mustbe 3. Then 35 x5 = 178 addition, A<B <C.

Therefore, B = 5.

3) The number 60 can be written as the sum olvb primes as follows:

7 + 53
13 + 47
17 + 43
19 + 41
23 + 37
29 + 31

Therefore, 60 can be written as the sum ofo primes in exactly SIX

ways, if order is irrelevant.
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Geometry
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Calculator Meset

1) How many rectangular blocks, each measuring #hches by 3 inches by
5 inches, will completely fill a rectangulaccardboard box measuring
12 inches by 35 inches by 8 inches?

2) The volume of a cube with a surface area of 280 square units is how
many times the volume of a cube whose surfaaeea is 294 square units?

3) An NCAA regulation basketball must have a diamer of from a minimum
of 9.39 inches to a maximum of 9.55 incheOne basketball of the
minimum size and one of maximum size are ea@acked into a separate
cubical box so that each ball touches all ssides of its respective container.
Each box has an amount of wasted space thatdioutside the basketball but
inside the box. How many more cubic inches @fasted space in there in the
larger box than in the smaller box? User ~3.14. Rouhyour answer to
the nearest tenth of a cubic inch. (Note: Rmd only your final answer, as
any intermediate rounding - that is, roundingduring other parts of solving
the problem - would yield answers increasinglfarther from the more
precise answer.)

Answers

1)

2)

3)




Solutions to Category 2
Geometry
Meet #5 - March, 2016

1)

2)

3)

The blocks will tessellate perfectly inside thbox. Answers
Divide the volume of the box by the volume d@he block:

(12)(35)(8) / (3)(3)(2) 1) 241
= 3360 / 30
= 112 Dblocks 2) 1000
Solving by "brute force," which is time consumng but 3) 205

reliable, find the length of a side of each &, find their
respective volumes, then divide the larger vaine by the
smaller volume.
Area of one side of larger cube = 29,400/ 6 4900.
one side of larger cube = the square root of990 = 70.
Area of one side of smaller cube = 294 /6 49.
one side of smaller cube = the square rootefO = 7.
Volume of larger cube = (70)(70)(70) = 343,000
Volume of smaller cube = (7)(7)(7) = 343.
The ratio of the two volumes is 1000 : 1.
Therefore, the larger cube has 1000 timesdhvolume of the smaller cube.

Some students may know that if two 3-D figureare similar, then the ratio of
their areas is equal to the square of the rais of any two corresponding lengths
and the ratio of their volumes is equal to theube of the ratios of any two
corresponding lengths. This knowledge produsea much quicker calculation.

The radius of the larger ball is 9.55/2 #.775 inches.

The radius of the smaller ball is 9.39/2 #.695 inches.

One side of each box is as long as the dianretéthe ball it contains.
Volume of box - volume of ball = volume afasted space.

larger ball: = 1}3_%;;33 =(9.55}3—%(3.14}(4.T?’5}3 = 415.169
smaller ball: = DE—%ERE =(9.39)3—%(3.14)(4.695)3 = 394.6495.

The difference in the wasted space in the twaalls is 415.169 - 394.6495
= 20.5195 cubic inches.
Rounding to the nearest tenth yields 20.5.
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Number Theory
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1) Inajarof 53 hard candies, 36 are red @ah41 are sour. The
candies in the jar are only just red or justsour or both red and sour.
How many are just sour?

2) Set A ={27, 29, 31, 33, 35, 37, 39}
Set B = {30, 31, 32, 33, 34, 35, &, 38}
What is the sum of the prime numbers in the se ANB ?
(Note: ANB s the intersection of set &nd set B.)

3) Ofthe 460 kids at the school picnic, 30%te a hot dog and 75%
ate a hamburger. Of the kids who ate a hotad), 65 of them also ate
a hamburger. How many of the 460 kids ateeither a hot dog nor a
hamburger?

Answers _
On this date - March 31 -

1) in 1596, Rene DesCartes,
- French philosopher and
mathematician, was born.
Our system of graphing,
called the Cartesian e -
3 — Coordinate System, was named for him.

2)




Solutions to Category 3

Number Theory
Meet #5 - March, 2016 Answers
1) 17
1) The candies that are both red and sour:
(36 +41)-53 = 77-53 = 24. This Venn 2) 68
diagram shows the relationship between the
sets: 3) 42

2)

3)

()

red = 36 sour =41

Twenty-four are both red and sour, so 36 - 24r 12, are just red, while
41 - 24, or 17, are just sour. Therefore,71are just sour.

Hopefully, students will catch the wordprime! The prime numbers that
are common to both sets are 31 and 37, catheir sum is 68.

The number of kids who ate hot dogs is 30% of#60, or 138. Those who
ate hamburgers (burgers) is 75% of 460, 0280. The number who ate
both a hot dog and a burger = 65, as givemthe problem. To help fill in
the blanks in the Venn diagram, those who afest a hot dog = 138 - 65,
or 73. Those who ate just a burger = 34%5, or 280. To calculate the
number of kids who had neither a hot dog nor &urger, subtract the total
number of kids who ate meat from the total nurber of kids who attended
the picnic: 460 - (73 + 65 + 280)

460 - (418)

42

Therefore, 42 students ate neither a hot dawpr a hamburger.

none

hot dogs  burgers
= 138 = 345



Category 4
Arithmetic

M

1)

2)

3)
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Our math league has one team in the state of Mesylvania. If a letter
Is chosen at random from the word PENNSYLVANA, then what is
the probability that it is the letter "N?" EXx press your answer as a
common fraction.

A six-sided cubical die, numbered 1 througl6 inclusive, and a
ten-sided decahedral die, numbered 1 throughiO inclusive, are
rolled. What is the probability that the sumof the numbers shown
on the top faces is less than 8 ? Expressiy@answer as a common
fraction.

What is the probability that a point that lieswithin this square is also
in the shaded area? The circle is tangent tbhe square (touching it on
all sides) and the circle is divided into fouequal sectors. Express
your answer as a percent, rounded to the neatwhole percent.

ANSWERS

1)

2)

3) %




Solutions to Category 4

Arithmetic
Meet #5 - March, 2016 Answers
y 1L
1) There are three Ns out of the 12 letters 4
Pennsylvania. P = 3/12. or 1/4. 7
2) 70

2) The ten numbers on the decahedral die are a@s
the top of this chart, while the six numbersn the

cubical die are along the left-most columnThe 3) 39
sums are inthe 10 x 6 area:

1 2 3 4 5 6 7 89 10

6 78 9 10 11
7 89 10 11 172
8 910 11 12 13
9 1011 12 13 14
10 1112 13 14 15
10 11 1213 14 15 16

No oA wWwN
©~NO U N W
© ®© N g A~
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There are 21 sums that are less than eightherefore, the probability
of rolling a sum less than eight is 21/6@r 7/20.

3) The probability that a point inside the squares also inside the shaded
region is

IE?‘

)

k2

_ 05314 _ (1.5?)533) 03925 ~ 399%.

area of shaded region _
(2r)* 4r-

;
area of square (2r

[ o]
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Algebra
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1) What are the two solutions to the quadratic egation below?

xF—5x-24=0

2) The quadratic equation 9x=5—2x* has two solutionsWhich
solution has the lesser (smaller) value?

3) The quadratic equation H =vf—16t*+h approximas the
height in feet, H, that an object will attan after t seconds when
launched from a height of h feet with an irial upward velocity
(starting velocity, or speed) of v feet pesecond. Once the object
reaches its maximum height, gravity will drawthe object back
toward Earth. Using a trebuchet, Neptoon lauched a 30-pound
watermelon upward from the edge of the deck & large ship. The
watermelon reached its maximum height and thefell back toward
Neptoon but whizzed past him exactly 8 secdsafter it was
launched and then splashed into the sea onesed later. How many
feet is the deck of the ship above the surfacéthe sea?

ANSWERS
1)
A trebuchet isa type
2) of siege engine most
most frequently used
3) in the Middle Ages,
often called a catapult.




Solutions to Category 5

Algebra

Meet #5 - March, 2016 Answers

1) Factor the trinomial. Set each factor to zeroSolve. 1) -3 or 8
2 _85¢_24-0 any order
(x—8)(x+3)=0 2) -5

(x—8)=0 or (x+3)=0
X=8 or X=-3. 3) 144
2) Gather all terms onto one side of the equatiorhen

3)

use the strategy from solution #1.
9x =5—2x2
262 +9x-5=0
(2x-D(x+5)=0
(2x-1)=0 or (x+5)=0

X =1/2 or X=-5. The solution with thedsser (smaller) value is - 5.

Given and implied information can be substitutd into the formula to
acquire other values. The path of the watermeh, from its launch from
the deck of the ship to the same spot 8 sads later, completes a
parabola. Substitute O for H and 8 fort and O for h to find the

value of v: -
H=vt-16t-+h
0=v(8)-16(8)*+0

0=1(8)-1024
8v=1024
y=128

Now substitute 9 for t (one second afte8 the 8 seconds it took for
the watermelon to reach its starting height)d find the number of feet
below the deck that the watermelon splashestothe sea:

H =(128)(9)-16(9%)
H=1152-1296
H=-144

So, the watermelon splashed into the sea 14det below the deck of the
ship.



Category 6
Team Round

Meet #5 - March, 2016

Each of the following nine
problemsisworth four points.

1) The alphabet is written over and over again uil 1400 letters are
written in all. What is the 1400th letter?

2) What is the probability that, in a five-child family, there are at least
two girls? Assume that the probability of agirl or a boy being born
Is the same. Express your answer as a comnioaction.

3) A plane that travels at a constant rate of 1 kilometers per hour can
travel how many meters in 17 seconds?

4) Brenda spent 2/9 of her money on piano lessoand spent 1/4 of the
rest of her money on donations to her favor charities. The amount
left over, $441, she deposited into her sags account at the bank.
How much money did she spend on piano less@ns

ANSWERS
1)
2)

3)

4) $
5)
6)
7)
8)

9)

5) The number 50,881 is the product of
three different prime numbers, each
less than 100. What is the swoh
those three prime numbers?

6) What is the greatest number of pointsi
which a circle cartersect a regular
polygon of} Xides?

7) Ifthe time 67,980 secondsoagas
8:14 A.M., thesnat time is it now? You
must include either A.M. or .

8) If 18189 =(2%)@3%) , then what is the
value of + v ?

9) Consider the @lling sequence:
3 22 59 120 211 3307
where 3 is théusof the first term,
22 is the value of the second term, asd
on. What is the valuktibe 15th term ?



Solutions to Category 6
Team Round
Meet #5 - March, 2016

ANSWERS 1) First divide 1400 by 26 to get 53.84..
Then 53 full alphabets contain a totalfo
1) \Y (53)(26), or 1378 lets. 1400 - 1378 = 22,
13 so the 22nd letter is the letter V.
2) 16
2)62+3C3+3C4+5C5 = 10+10+5+1
3) 3400 = 26, then 26/32 = 13/16.
4) 168 3) First convert 720 kilometenser hour to
meters per second:
5) 131 720kn 1000m 1 lmin _720,000m _ 200m
6) 48 Vir  lkm 60min 60sec  3600sec  lsec
Then multiply by 17 to get 3400 mete
7) 3:07 AM.
4) Let X = her original amount of money.
8) 540 X - 219X - 1/4 (M9 = 441
719X - 7/36 X = 441
9) 4091 21/36 X = 441
X = 441 (36/21)
X = 756

So, Brenda started with $756 and she syie
2/9 of $756 on piano lessons, $168.

5) The five-digit number's unit's digitis 1, sat is divisible by two-digit
numbers whose unit's digit could be 1, 3, ior 9. Guessing and
checking yields 50,881 = 17 x41 x 73. efbum 17 +41 + 73 = 128.

6) There is no need to actually draw a 24-sided [ygon. Rather, start with

polygons of much fewer sides and look for aagtern. If the polygon and
the circle are drawn with the same center, is easy to see that the
number of intersection points is twice the nmber of sides of the
polygon. So, for the 24-gon, there are (2%), or 48 points of
intersection.

Solutions to #7-9 are on the next page.



)

8)

9)

Divide 67,980 by 3600 to convertto hourgs7,980 /3600 = 18 hours
and 3180 seconds. The 3180 seconds =n%B8utes. Adding 18
hours and 53 minutes to 8:14 A.M. yield8:07 A.M.

The prime factorization of 18 is 2 x 3 x 3.
18180 —(2.3 _3)139 _-180 3180 3180 _ 5180 3360

So, X+Y = 180+ 360 = 540.

To find the value of the 15th term, a lot of azurate arithmetic must take
place (or some clever algebra). Most studentdll likely analyze the
sequences of differences until the pattern l&s to be predictable:

term # 1 2 3 4 5 6 7 8
sequence: 3 22 59 120 21338 507

diff 1: 19 37 61 91 12769

diff 2: 18 24 30 3642

diff 3: 6 6 6 6

Once the student reaches the 3rd sequence dfetences and sees the
constant difference of 6, then s/he can wotkpwards to fill in the
remaining sequences to the 15th term:

term #: 8 9 10 11 12 13 14 15
seqguence: 724 995 1326 1723 212239 3370 4091
diff 1: 217 271 331 397 469 547 631 721
diff2: 48 54 60 66 72 78 84 90

diff 3: 6 6 6 6 6 6 6 6

... toreveal the value of the 15th terr¥ 4091.

An algebraic approach would require the knowldge that once the 3rd
sequence of differences reveals a constanteththe values of the original
sequence can be expressed as following a foteéor a cubic polynomial
in the formc + bx* +ex+d . Four equations woultbe required to resolve
the system to solve for a, b, c, and d. Suibsting the numbers of the
terms (1, 2, 3, 4) for x and then evaluatintpe cubic polynomial yields
the following four equations:

See next page for the rest of #9 solution.



1) a+b+c+d=3

2) 8a+4b+2c+d =122

3) 27a+9+3c+d =59
12

4) 64a+16b+4c+d =120

Solving by elimination of d by subtracting quation 1 from equation 2,
then 2 from 3, then 3 from 4, yields:

5) Ta+3b+c=19
6) 19g+5b+c=37
7) 37a+7b+c=61

Solving by elimination of ¢ by subtracting guation 5 from 6, and then
6 from 7, yields:

8) 12a+2b6=18
9) 18a+2b=24

Solving by elimination of b by subtracting quation 8 from 9 yields:
10) 6a=6 anda=1 . Then b=3, SGfand d=-4.

Therefore, the cubic polynomial expression isx® +3x* +3x—4 .
To find the value of the 15th term, substitutel5 for x:

157 +3(15)* +3(15) -4
33754+ 675+45-4
4091.



